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a b s t r a c t

In recent work (Int. J. Mass Spec., vol. 282, pp. 112–122) we have considered the effect of apertures on
the fields inside rf traps at points on the trap axis. We now complement and complete that work by
considering off-axis fields in axially symmetric (referred to as “3D”) and in two dimensional (“2D”) ion
traps whose electrodes have apertures, i.e., holes in 3D and slits in 2D. Our approximation has two parts.
The first, EnoAperture, is the field obtained numerically for the trap under study with apertures artificially
closed. We have used the boundary element method (BEM) for obtaining this field. The second part,
EdueToAperture, is an analytical expression for the field contribution of the aperture.

In EdueToAperture, aperture size is a free parameter. A key element in our approximation is the electrostatic
field near an infinite thin plate with an aperture, and with different constant-valued far field intensities
on either side. Compact expressions for this field can be found using separation of variables, wherein
the choice of coordinate system is crucial. This field is, in turn, used four times within our trap-specific
approximation.
The off-axis field expressions for the 3D geometries were tested on the quadrupole ion trap (QIT)
and the cylindrical ion trap (CIT), and the corresponding expressions for the 2D geometries were tested
on the linear ion trap (LIT) and the rectilinear ion trap (RIT). For each geometry, we have considered
apertures which are 10%, 30%, and 50% of the trap dimension. We have found that our analytical correction
term EdueToAperture, though based on a classical small-aperture approximation, gives good results even for

.
relatively large apertures

. Introduction

This paper complements and completes our recent work [5],
nd presents approximate analytical expressions for off-axis fields
n axially symmetric (referred to as 3D) and two dimensional (2D)
on trap mass analyzers with apertures in their electrodes. The
xpression for the field we present has two parts. One part is
he numerically obtained field for the trap with apertures artifi-
ially closed. The second term is an analytical expression for the
ontribution of the apertures to the field within the trap. In par-
icular, we present electrostatic field solutions for infinite thin
lates with finite apertures, followed by multiple applications of

he same to account for nonzero-sized apertures in two endcaps,
ach of nonzero thickness. Final results obtained are accurate even
or apertures of significant size in comparison to trap dimensions.
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Axially symmetric (3D) mass analyzers, such as the quadrupole
ion trap or QIT [11] and the cylindrical ion trap or CIT [9,16], have
a three electrode geometry consisting of a central ring electrode
and two endcap electrodes. In the QIT, all electrodes have hyper-
boloid shapes, while the CIT has a simplified geometry with planar
endcaps and cylindrical ring electrode. Trapping of ions of an ana-
lyte gas is achieved in the central cavity by application of an rf/dc or
rf-only potential between the ring and the electrically shorted end-
cap electrodes. The endcap electrodes have holes in them to permit
entry of electrons (for ionizing the analyte gas) and for collection
of destabilized ions.

Examples of 2D mass analyzers are the linear ion trap or LIT [3]
and the rectilinear ion trap or RIT [10]. These consist of four parallel
longitudinal electrodes, the two opposite pairs being electrically
shorted. In the LIT, the electrodes have hyperbolic shapes while
in the RIT the electrodes are flat plates. Ion trapping in these mass
analyzers is achieved by applying an rf/dc or rf-only potential across
the two pairs of electrodes, the trapped ions being confined along

the axis of the mass analyzer. Here too, one pair of electrodes have
slits in them to permit electron entry and collection of destabilized
ions.

In conventional commercial mass analyzers, the dimensions of
the apertures on the electrodes are small in comparison to the

http://www.sciencedirect.com/science/journal/13873806
http://www.elsevier.com/locate/ijms
mailto:madhuri@isu.iisc.ernet.in
mailto:amohanty@serc.iisc.ernet.in
dx.doi.org/10.1016/j.ijms.2009.08.004
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z = a��. (6)

�, �, and � have the ranges −∞ < � < ∞, 0 ≤ � ≤ 1, and −� ≤ � <
�. In this problem there is axial symmetry, so � does not appear in
M. Chattopadhyay, A.K. Mohanty / Internation

imension of the trap, typically being less than 10% of the dimen-
ion of the trap. With the recent thrust to miniaturize these devices
4,2,6], it may not be possible to scale the apertures in the same
roportion as the trap dimension. In such instances, the aperture
imension will be “large”, going up to 20% or 30% of the trap dimen-
ion. In these miniaturized devices not only do apertures contribute
ore significantly to the field within the trap, but off-axis fields play
more important role in determining the dynamics of the trapped

ons, since ion trajectories will have excursions well beyond the
xis of the trap.

The contribution of apertures to the field within the trap has
eceived only cursory attention in the mass spectrometry literature
12,15,7] and there is now a need, with the thrust towards miniatur-
zation, to put it on a firmer theoretical footing. Our earlier effort [5]

as able to extract the contribution of the aperture by subtracting
he field in the vicinity of an aperture on an infinitely thin grounded
lane from the field across this plane in the absence of the aper-
ure. Extension of the same idea to fields at off-axis points, it turns
ut, involves significant new analysis with its own challenges, and
s the subject of the present paper.

Our approach here is to assume that the field within 3D and
D practical traps can be obtained by superposing (i) the field in
trap with apertures closed and (ii) the field contribution of the

pertures. Accordingly, we write

withAperture = EnoAperture + EdueToAperture. (1)

or EnoAperture, we use direct numerical computation of the field
sing the boundary element method (BEM). To obtain an expres-
ion for EdueToAperture, we take recourse to the problems of a circular
ole and an infinite slit, for 3D and 2D geometries respectively, in
n infinitely thin conducting ground plane with different constant
erpendicular fields at faraway points on each side. It is possible
o solve the resulting boundary value problems in closed form. The
D solution we will use is adapted from Smythe [13]. Subtracting
he field without the aperture from the field with the aperture on
he conducting plane we obtain the contribution of the aperture.
he theory is exact for a single hole or slit in an infinitely thin con-
ucting ground plane. In practical traps the electrodes containing
he apertures are not necessarily flat, have finite extent, and have
onzero thickness. Also, the faraway fields on both sides of the elec-
rode are usually not constants. Yet, we will compute in this way
ome approximating fields which will match the exact fields very
ell.

In Section 2, we present the method for obtaining the fields
ithin a trap with no apertures. Section 3 presents expressions for

he off-axis fields in 3D traps, and Section 4 presents expressions for
he off-axis fields in 2D traps. Section 5, Results and Discussion, ver-
fies the utility of our expression by comparing it with numerically
btained fields. Section 6 presents a few concluding remarks.

. Computation of EnoAperture

We have used the boundary element method (BEM), to compute
he field numerically for any ion trap having a symmetric geometry.
n the BEM, first the charge distribution on electrodes is determined
rom the known applied potential on the electrodes and then, the
otential (and the field) at any point in space is computed from the
harge distribution on the electrodes by the principle of superpo-
ition. A library developed by us allows an arbitrary 2D or 3D trap
eometry to be defined and potentials on the trap electrodes to be

pecified.

To compute charge distribution on the electrodes, the electrode
urfaces are divided into small regions or elements. Let N be the
otal number of such elements, and let vi be the potential applied to
th element, and g(i, j) (called the Green’s function), be the potential
rnal of Mass Spectrometry 288 (2009) 58–67 59

at ith element due to unit charge at j th element. The unknown
charges must be such that the superposition of all their potentials
on the ith element (for each i) must equal the applied potential
there, namely vi. Then the applied potentials vi, i = 1 . . . N, must
satisfy

N∑
j=1

g(i, j)qj = vi, where i = 1 . . . N. (2)

Since the vi are specified, the N unknown charges qj can be found
by solving the linear system of N simultaneous equations Eq. (2).
Expressions for the Green’s functions have been derived in Tallapra-
gada et al. [15] for the 3D geometries, and in Krishnaveni et al. [8]
for the 2D geometries. The computation of field and multipole coef-
ficients from the numerically obtained charge distribution has also
been discussed in those two papers. The details of the BEM solution
are, therefore, discussed here no further.

3. Computation of EwithHole for 3D traps

In Section 3.1, we will develop an expression for the contribution
of a circular hole in an infinite ground plane, EdueToHole. The expres-
sion for EwithHole for 3D traps, which have electrodes of nonzero
thickness, will follow in Section 3.2.

3.1. EdueToHole for a circular hole in an infinite ground plane

Consider an infinitely thin, grounded, conducting plane with dif-
ferent z-directed constant fields on either side as shown in Fig. 1(a).
A hole of radius a, introduced in the conducting plane as shown in
Fig. 1(b), will change the potential and the field close to the hole.
We adapt the solution given in Smythe [13] to obtain an expres-
sion for the contribution of the hole to the potential at any point
in space. The gradient of this expression will provide an expression
for the field due to the hole.

In Fig. 1, the centre of the hole is at the origin. The potential
without the hole is given by

UnoHole(z) =
{

−EUz if z ≥ 0,
−ELz if z ≤ 0,

(3)

where EU is the field above the electrode and EL is the field below
the electrode.

The analysis for determining the potential when a hole is
introduced (see [13]) is most conveniently carried out in oblate
spheroidal coordinates (�, �, �), whose relation to the Cartesian
coordinates (x, y, z) is given by

x = a
√

(1 + �2)(1 − �2) cos �, (4)

y = a
√

(1 + �2)(1 − �2) sin �, (5)
Fig. 1. Infinitely thin conducting sheet with (a) no hole, and (b) hole of radius a.
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Fig. 2. Coordinate net for the spheroidal coordinate system.

he final expression which will now contain only z and �, where

=
√

x2 + y2 = a
√

(1 + �2)(1 − �2). (7)

qs. (6) and (7) express z and � in terms of � and �. Determination
f � and � from � and z can be accomplished in the following way.
e compute P = (�/a)2 + (z/a)2 − 1 = �2 − �2, Q = (z/a)2 = �2�2,

nd R =
√

P2 + 4Q = �2 + �2, then � = sign(z)
√

(R + P)/2, and � =
/(a�). It should be noted that the calculation of � and � requires
nly the ratios �/a and z/a. This fact will be used in establishing
he functional form of the electric field later.

We note that � is nonnegative. � = 0 on the conducting plane,
nd � = 1 on the z axis, where � = z/a. Also � and z have the same
ign. Fig. 2 shows part of the coordinate net for the oblate spheroidal
oordinate system superimposed on the outline of an infinitely thin
onducting plane with a circular hole of radius a. Shown in the
gure are the � and � unit vectors at a point and the angle ˛ the �
nit vector makes with the radial (�) direction.

The scale factors [1] for the oblate spheroidal coordinates are

� = a

√
�2 + �2

1 + �2
, (8)

� = a

√
�2 + �2

1 − �2
, (9)

� = a
√

(1 + �2)(1 − �2). (10)

he expression for the Laplace equation in terms of the oblate
pheroidal coordinates is

2U = 1
a2(�2 + �2)

[
∂

∂�

(
(1 + �2)

∂U

∂�

)
+ ∂

∂�

(
(1 − �2)

∂U

∂�

)

+ �2 + �2

(1 + �2)(1 − �2)
∂2U

∂�2

]
= 0. (11)

e can carry out a separation of variables with the simplifica-
ion that the potential, U, has no dependence on � and write

= S(�)T(�). When this is done and substituted in Eq. (11) we
btain the two ODEs

d

d�

(
(1 + �2)

dS

d�

)
− n(n + 1)S = 0, (12)

d

d�

(
(1 − �2)

dT

d�

)
+ n(n + 1)T = 0. (13)

here the arbitrary constant n is as yet undetermined.
Eq. (13) is the Legendre differential equation with argument �,

hile Eq. (12) is the Legendre differential equation with imaginary
rgument i�. The possible solutions of Eq. (13) are the Legendre
unctions Pn(�), and Qn(�), while those of Eq. (12) are Pn(i�), and

n(i�).

On the z axis � = 1. So the solution Qn(�) for Eq. (13) is dropped
ere since this function has a singularity at � = 1. The asymptotic
ate of growth of both Pn(i�) and Qn(i�) as |�| tends to ∞ is like �n.
ince in this problem the potential grows like z = a�� for large |z|,
rnal of Mass Spectrometry 288 (2009) 58–67

only the n = 1 solution needs to be considered. Thus

UwithHole = P1(�) (AP1(i�) + BQ1(i�)) = � (Ai� − B(� arctan � + 1)) .

(14)

where the constants A and B are to be determined from the condi-
tions

lim
�→∞

UwithHole

a��
= −EU, (15)

and

lim
�→−∞

UwithHole

a��
= −EL. (16)

Thus Ai − B�/2 = −aEU , and Ai + B�/2 = −aEL , hence Ai = −a(EU +
EL)/2, B = a(EU − EL)/�, and

UwithHole = −a(EU + EL)
2

�� − a(EU − EL)
�

(� arctan � + 1)�. (17)

Since z = a��,

UnoHole =
{ −EUa�� if � ≥ 0,

−ELa�� if � ≤ 0.
(18)

Subtracting UnoHole from UwithHole we obtain the contribution of the
hole to the potential, UdueToHole, as

UdueToHole = UwithHole − UnoHole

= (EU − EL)
2

a
[

��sign(�) − 2
�

(� arctan � + 1)�
]

. (19)

We observe that, as might be intuitively expected, the contribu-
tion of the hole to the existing potential is proportional to EU − EL .
Now the field components in the � and � directions are found
using

E�,dueToHole = − 1
h�

∂UdueToHole

∂�

= −
(EU − EL)�

√
1 + �2

2
√

�2 + �2

[
sign(�) − 2

�

(
arctan � + �

1 + �2

)]
,

(20)

and

E�,dueToHole = − 1
h�

∂UdueToHole

∂�

= − (EU − EL)
√

1 − �2

2
√

�2 + �2

[
|�| − 2

�
(� arctan � + 1)

]
.

(21)

Once the � and � components are known, a coordinate transforma-
tion provides the � and z components. The angle ˛ between the �
direction and the � direction is obtained from

tan ˛ = ∂z/∂�

∂�/∂�
= �

√
1 + �2

�
√

1 − �2
, (22)

or,

cos ˛ = �
√

1 − �2√
�2 + �2

, (23)

sin ˛ = �
√

1 + �2√
�2 + �2

. (24)
Then we compute

E�,dueToHole = E�,dueToHole cos ˛ − E�,dueToHole sin ˛, (25)

Ez,dueToHole = E�,dueToHole sin ˛ + E�,dueToHole cos ˛. (26)
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Table 1
Locations, radii, and field differences for the four idealized holes corresponding to a
practical trap shown in Fig. 3.

Location Radius Upper field EU Lower field EU EU − EL

z = z1 a1 E1 0 E1
M. Chattopadhyay, A.K. Mohanty / Internation

he electric field thus found is a function of �, z, the hole radius a,
nd the difference between the fields EU − EL . We noted above that
dueToHole is proportional to EU − EL . Also, the three parameters �,
, and a enter only as the two ratios �/a, and z/a. Thus the results
btained in this section can be expressed as

dueToHole = (EU − EL)F3D(�/a, z/a), (27)

here F3D, a function of the two ratios �/a and z/a, was derived
bove but is not written out in its entirety to keep the presentation
ncluttered.

Eq. (27) is derived assuming the hole is at the origin. When
he hole is at z = z0, z should be replaced by z − z0 in Eq. (27). It
hould be noted that the discussion so far has been for a single
ole in an infinitely thin ground plane. In an actual trap the end-
aps will have nonzero thickness. In that case each endcap will
e represented by two infinitely thin ground planes with a hole
ach. Thus for a practical trap, which has two endcaps of nonzero
hickness, a total of four such contributions due to holes will be
ncorporated. It may be noted here that though the solution for
he infinite thin grounded plane with a hole, as given above, is
lassical and rigorous, the approximation we are using it for, and
n particular the four-time use of it as given below, is something
f an engineering approximation, neither classical nor rigorous.
he approximation therefore requires careful numerical verifica-
ion before acceptance, and we will provide ample verification
elow.

.2. Off-axis electric field in the axially symmetric (3D) trap

To elaborate the situation of a practical trap having top-bottom
ymmetry, we focus on Fig. 3. Fig. 3(a) shows the trap before the
oles were introduced, while Fig. 3(b) shows the trap after bev-
lled holes were introduced in the endcaps. On the ejection axis,
ach endcap extends from a distance z0 to a distance z1. The radius
t |z| = z0 is a0, while at |z| = z1 is a1. At the centre of the upper
ndcap, before the hole was introduced, the fields are also shown.
he limiting value of the z component of the field on the z axis, as
tends to z0 from the centre of the trap, is denoted by E0. The lim-

ting value of the z component of the field on the z axis, as z tends
o z1 from the exterior of the trap, is denoted by E1. Because of the
op-bottom symmetry, the corresponding fields on the lower end-
ap are −E0 and −E1, respectively. As in Chattopadhyay et al. [5] we
pproximate the hole in the endcap with nonzero thickness as two
oles in two parallel infinitely thin ground planes and, as seen in

ig. 3, the two holes are at z = z0, and at z = z1. For the lower endcap
he locations are z = −z0, and z = −z1. Table 1 shows the charac-
eristics of the four ideal holes used to approximate the holes in a
ractical trap. When the contributions of the four holes are added

Fig. 3. Axially symmetric trap with thick endcaps.
z = z0 a0 0 E0 −E0

z = −z0 a0 −E0 0 −E0

z = −z1 a1 0 −E1 E1

to the no-hole field we obtain the field with the hole, EwithHole, as

EwithHole = EnoHole +E1

(
F3D

(
�

a1
,

z − z1

a1

)
+ F3D

(
�

a1
,

z + z1

a1

))

+(−E0)

(
F3D

(
�

a0
,

z − z0

a0

)
+ F3D

(
�

a0
,

z + z0

a0

))
.

(28)

Here EnoHole is numerically computed using the BEM. F3D is com-
puted using the methods outlined in Section 3.1.

We now turn to 2D traps.

4. Computation EwithSlit for 2D traps

In Section 4.1 we will develop an expression for the contribution
of a slit in an infinite ground plane, EdueToSlit. The expression for
EwithSlit for 2D traps, which have electrodes of nonzero thickness,
is similar to the 3D case and will follow in Section 4.2.

4.1. EdueToSlit in the 2D trap for a slit in an infinite ground plane

Here too we begin our analysis by considering an infinitely thin
grounded conducting plane. Fig. 4 shows two such planes, one with
no slit and the other with a slit having half-width a. We assume the
origin to be at the centre of the slit. The potential UnoSlit, without
the slit, is given by

UnoSlit =
{

−EUy if y ≥ 0,
−ELy if y ≤ 0,

(29)

where EU is the field above the electrode and EL is the field below
the electrode.

The analysis for determining the potential when a slit is intro-
duced is simplified when we use elliptic coordinates (�, 	), related
to the Cartesian coordinates (x, y) by

x = a cosh � cos 	, (30)

y = a sinh � sin 	. (31)

Here � and 	 have the ranges −∞ < � < ∞, and 0 < 	 < �, respec-
tively. Eqs. (30) and (31) express x and y in terms of � and 	.
Determination of � and 	 from x and y can be accomplished in the
following way. We compute P = (x/a)2 + (y/a)2 − 1 = sinh2 � −√

sin2 	, Q = (y/a)2 = sinh2 � sin2 	, and R = P2 + 4Q = sinh2 � +
sin2 	. Then sinh � = sign(y)

√
(R + P)/2, and sin 	 =

√
(R − P)/2. It

should be noted that the calculation of � and 	 requires only the
ratios x/a and y/a. We note that 	 = 0 on the conducting plane, and

Fig. 4. Infinitely thin conducting sheet with (a) no slit, and (b) slit of half-width a.
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trode is considered as two slits in infinitely thin ground planes, one
at y = y0, and another at y = y1. For the lower electrode the loca-
tions are y = −y0, and y = −y1. Table 2 shows the characteristics of
the four ideal slits used to approximate the slits on electrodes with
nonzero thickness in a practical trap. When the contributions of the

Table 2
Locations, half-widths, and field differences for the four idealized slits corresponding
to a practical trap shown in Fig. 5.
2 M. Chattopadhyay, A.K. Mohanty / Internation

= �/2 on the y axis, where sinh � = y/a. Also � and y have the
ame sign. The scale factors for both � and 	 are identical and are

� = h	 = a
√

sinh2 � + sin2 	. (32)

he expression for the Laplace equation in elliptic coordinates is

2U = 1

a2(sinh2 � + sin2 	)

(
∂2U

∂�2
+ ∂2U

∂	2

)
= 0. (33)

he solution, UwithSlit, which grows like |y| = a| sinh � sin 	| for large
y|, and is zero on the conducting plane with the slit is

withSlit = (A cosh � + B sinh �) sin 	, (34)

here the constants A and B are to be determined from the condi-
ions

lim
→∞

UwithSlit

a sinh � sin 	
= −EU, (35)

nd

lim
→−∞

UwithSlit

a sinh � sin 	
= −EL. (36)

hus A + B = −aEU , and −A + B = −aEL , hence A = −a(EU − EL)/2,
nd B = −a(EU + EL)/2, and

withSlit = −a
EU − EL

2
cosh � sin 	 − a

EU + EL

2
sinh � sin 	. (37)

ince y = a sinh � sin 	,

noSlit =
{

−EUa sinh � sin 	 if � ≥ 0,
−ELa sinh � sin 	 if � ≤ 0.

(38)

ubtracting UnoSlit from UwithSlit we obtain the contribution of the
ole to the potential, UdueToSlit, as

UdueToSlit = UwithSlit − UnoSlit

= (EU − EL)
2

a [sinh �sign(�) − cosh �] sin 	

= − (EU − EL)
2

ae−|�| sin 	.

(39)

nce again, we note that the contribution is proportional to EU −
L . The field components in the � and 	 directions E�,dueToSlit and
	,dueToSlit, respectively, are found using

�,dueToSlit = − 1
h�

∂UdueToSlit

∂�
= −EU−EL

2
sign(�)e−|�| sin 	√

sinh2 � + sin2 	
, (40)

nd

	,dueToSlit = − 1
h	

∂UdueToSlit

∂	
= EU − EL

2
e−|�| cos 	√

sinh2 � + sin2 	
. (41)

nce the � and 	 components are known, a coordinate transfor-
ation provides the x and y components. The angle ˛ between the
direction and the � direction is obtained from

an ˛ = ∂y/∂�

∂x/∂�
= tan 	

tanh �
, (42)

r,

os ˛ = sinh � cos 	√
sinh2 � + sin2 	

, (43)

in ˛ = cosh � sin 	√
2 2

. (44)

sinh � + sin 	

hen we compute Ex,dueToSlit and Ey,dueToSlit, the field in the x and y
irections, respectively, as

x,dueToSlit = E�,dueToSlit cos ˛ − E	,dueToSlit sin ˛, (45)
Fig. 5. 2D trap with slits in thick endcaps.

Ey,dueToSlit = E�,dueToSlit sin ˛ + E	,dueToSlit cos ˛. (46)

The electric field thus found is a function of x, y, the slit half-width a,
and the difference between the fields EU − EL . We note that EdueToSlit
is proportional to EU − EL . Also, the three parameters x, y, and a
enter only as the two ratios x/a, and y/a. Thus the results obtained
in this section can be expressed as

EdueToSlit = (EU − EL)F2D

(
x

a
,

y

a

)
, (47)

where F2D is a function of x/a and y/a, as described above but not
written out in its entirety.

Eq. (47) is derived assuming the slit is at the origin. When the slit
is at y = y0, y should be replaced by y − y0 in Eq. (47). As discussed
for the 3D case, here too for a practical trap a total of four such
contributions due to slits will be needed.

4.2. Off-axis electric field in the 2D trap

For a practical trap having top-bottom symmetry, we focus on
Fig. 5. Fig. 5(a) shows the trap without any slit on the electrodes,
while Fig. 5(b) shows the same trap with bevelled slits in the elec-
trodes. On the ejection axis each electrode extends from a distance
y0 to a distance y1. The half-width at |y| = y0 is a0, while it is a1
at |y| = y1. At the centre of the upper electrode, before the slit was
introduced, the fields are also shown. The limiting value of the y
component of the field on the y axis, as y tends to y0 from the
centre of the trap, is denoted by E0. The limiting value of the y com-
ponent of the field on the y axis, as y tends to y1 from the exterior
of the trap, is denoted by E1. Because of the top-bottom symmetry,
the corresponding fields on the bottom electrode are −E0 and −E1,
respectively. As in Chattopadhyay et al. [5], we approximate the slit
in the electrode with nonzero thickness as two slits in two parallel
infinitely thin ground planes. In Fig. 5 the slit in the upper elec-
Location Half-width Upper field EU Lower field EU EU − EL

y = y1 a1 E1 0 E1

y = y0 a0 0 E0 −E0

y = −y0 a0 −E0 0 −E0

y = −y1 a1 0 −E1 E1
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our slits are added to the no-slit field we obtain the field with the
lit.

EwithSlit = EnoSlit +E1

(
F2D

(
x

a1
,

y − y1

a1

)
+ F2D

(
x

a1
,

y + y1

a1

))

+(−E0)

(
F2D

(
x

a0
,

y − y0

a0

)
+ F2D

(
x

a0
,

y + y0

a0

))
.

(48)

ere EnoSlit is computed numerically. F2D is computed using Eq.
47).

. Results and discussion

The utility of Eqs. (25) and (26) to describe off-axis fields in the
D traps and Eqs. (45) and (46) to describe off-axis fields in 2D traps
ill next be investigated. This will be done by comparing the fields

btained using our equations with those obtained numerically. For
he 3D traps, we have taken up for investigation the QIT and the CIT
eometries. For the 2D traps, we have investigated the LIT and the
IT geometries.

To estimate the fields using Eqs. (25) and (26) for the 3D geome-

ries and Eqs. (45) and (46) for the 2D geometries, the EnoAperture will
eed to be numerically obtained first. As has been mentioned ear-

ier, this is done using the BEM. This also provides E0 and E1, along
he principal axis. Once these fields have been computed numeri-
ally, the off-axis field for any aperture size can be approximated
nalytically using our expressions.

ig. 6. (a) Cross-sectional view of the QIT. Comparison of (b) the Ez field, and (c) the E� fie
he holes artificially closed. Solid line: Field obtained using BEM for a trap with holes. Dash
rrors in field for the QIT with (d) 1 mm hole radius, and (e) 5 mm hole radius. (Solid con
rnal of Mass Spectrometry 288 (2009) 58–67 63

5.1. Layout of the figures

Since we are considering several trap designs, several aperture
sizes for each design, and more than one display format for each
aperture size, our graphical results below are necessarily rather
detailed. For ease of reading, therefore, we adopt the following uni-
form format in Figs. 6–9. In each figure we present the geometry
of the trap being investigated and a table adjacent to the figure
provides the dimensions, in mm, of the different geometry param-
eters. The two subplots below the geometry diagram present the
fields in the two directions along an arbitrary axis (indicated as s
in the geometry plot) which begins at the centre of the aperture
and extends at an angle 1350 with the principal axis towards the
adjacent electrode. In the case of the 3D traps, the plots correspond
to Er and Ez and in the case of 2D traps, the fields Ex and Ey are
plotted along the arbitrary axis. These plots have been made for an
aperture dimension which is 30% of the trap dimension.

Although an inspection of these field plots indicate a good match
between the fields predicted by our expression when compared to
fields obtained numerically, the match is demonstrated only along
an arbitrarily chosen axis. To show that our expression performs
well even in a larger region of the trap, we have chosen to plot

“error” contours. For this we have chosen two different aperture
sizes, one which is small, corresponding to 10% of the trap dimen-
sion, and the other which is large, corresponding to 50% of the
trap dimension. For the purpose of comparing the field obtained
using our expressions, �Eest, with that obtained numerically, �Enum,

ld, for a trap with hole radius of 3 mm. Dotted line: Field obtained using BEM with
ed line: Field obtained using our expression. Contour plot of the relative percentage
tour: 1%, Dashed contour: 2%, Dot-Dash contour: 3%.)
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ig. 7. (a) Cross-sectional view of the CIT. Comparison of (b) the Ez field, and (c) the
he holes artificially closed. Solid line: Field obtained using BEM for a trap with holes
rrors in field for the CIT with (d) 1 mm hole radius, and (e) 5 mm hole radius. (Soli

e show contour plots of the relative percentage error, 
, defined as

= |�Enum − �Eest|
|�Enum|

× 100 (49)

e trace contours corresponding to relative percentage errors of
%, 2%, and 3%. Although in some contour plots it will be seen
hat the relative percentage error is below 1% over a large region
nside the trap, we have chosen not to trace contours with smaller
rrors, since we consider 1% error to be reasonably small for most
ngineering applications.

The region over which these relative percentage error contours
re computed is shown in each figure by a dashed rectangle. This
egion has been arbitrarily chosen to include the region of stable
on motion. Beyond this region, close to and within the aperture,
ur simple analysis may not be adequate.

.2. Axially symmetric (3D) traps

.2.1. The QIT
Fig. 6 presents the geometry of the QIT, the fields in r and z
irections along the arbitrary axis, s, in a trap in which the aper-
ure is 30% of the trap dimension and the error contours for a trap
ith aperture dimensions of 10% and 50% of the trap dimension.

or these simulations, the ring electrode was kept at unit positive
otential and the endcaps were grounded. The dimensions of the
ld, for a trap with hole radius of 3 mm. Dotted line: Field obtained using BEM with
ed line: Field obtained using our expression. Contour plot of the relative percentage
our: 1%, Dashed contour: 2%, Dot-Dash contour: 3%.)

trap that we have investigated are given in the table adjacent to the
geometry of the trap.

EnoHole in Eqs. (25) and (26) have been estimated numerically
[15]. These computation yield values of E0 and E1 as 141.5875 and
−20.3333 V/m, respectively.

In Fig. 6(b) and (c), the axial field (Ez) and the radial field (Er) are
plotted along the ordinate in V/m, for a hole radius of 3 mm (corre-
sponding to 30% of the trap dimension) and the off-axial distance
is plotted along the abscissa in mm. In these plots, the field com-
ponents obtained numerically are plotted using continuous lines
and those obtained by our approximation are plotted using dashed
lines. The numerically obtained field components in the same trap
with the apertures artificially closed are plotted using dotted lines.
It may be seen that there is a marginal difference between the ana-
lytically estimated fields and numerically obtained fields near the
hole. At all other points, our analytical approximations match well
with the numerically obtained fields.

Fig. 6(d) and (e) are the contour plots of the error in estimating
the field by our expression compared to the numerically obtained
field and correspond to traps in which the aperture dimension is 1

and 5 mm corresponding to 10% and 50% of trap dimension, respec-
tively. In the figures, the solid, dashed, and dot-dashed contours
correspond to relative percentage error values of 1%, 2%, and 3%,
respectively. For a hole radius of 1 mm, the error occurs only near
to the holes as shown by the contour plot in Fig. 6(d). For the trap
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ig. 8. (a) Cross-sectional view of the LIT. Comparison of (b) the Ey field, and (c) the E
he slits artificially closed. Solid line: Field obtained using BEM for a trap with slits.
rrors in field for the LIT with (d) 1 mm slit half-width, and (e) 5 mm slit half-width

ith hole radius of 5 mm, 1% contours are seen close to the trap
entre (two regions), as well as close to the aperture. At the centre
f the trap itself, the relative percentage error is within 2%, with
arger relative percentage errors of 3% appearing close to the holes.

.2.2. The CIT
Fig. 7 presents the schematic diagram of CIT geometry, the axial

nd radial fields along the arbitrary axis, s, in a trap where the aper-
ure is 30% of the trap dimension and the error contour plots with
perture dimensions of 10% and 50% of the trap dimension. The
able associated with the geometry of the trap under investigation,
hows the dimensions of the trap parameters in mm. In these simu-
ations, the ring electrode was kept at unit positive potential while
he endcap electrodes were kept at ground potential.

EnoHole in Eqs. (25) and (26) have been estimated numerically
15]. These computation yield values of E0 and E1 as 122.6764 and
10.892 V/m, respectively.
Here too, in Fig. 7(b) and (c), the axial field (Ez) and the radial
eld (Er) are plotted along the ordinate in V/m, with a hole radius
f 3 mm and the off-axial distance is plotted along the abscissa in
m. In these plots, the field components obtained numerically are

lotted using continuous lines and those obtained by our approx-
, for a trap with slit half-width of 3 mm. Dotted line: Field obtained using BEM with
d line: Field obtained using our expression. Contour plot of the relative percentage
d contour: 1%, Dashed contour: 2%, Dot-Dash contour: 3%.)

imation are plotted using dashed lines. The numerically obtained
field components in the same trap with the apertures artificially
closed are plotted using dotted lines.

A small deviation is noticed between the analytical and numer-
ical fields along z direction near the hole. At all other points, the
match between the two fields is good.

Fig. 7(d) and (e) present the contour plots for error in off-axis
field computation using our expressions compared to numerical
computed field for hole radii of 1 and 5 mm, respectively. In the
figures, the solid, dashed, and dot-dashed contours correspond to
relative percentage error values of 1%, 2%, and 3%, respectively. It
can be seen that for both the 1 and the 5 mm cases the prediction of
our analytical expression is very good, with the 1% contour occur-
ing only close to the holes. Thus in a large region of the trap, our
expression deviates from numerically obtained value by less than
1%.
5.3. 2D traps

5.3.1. The LIT
Fig. 8 presents the geometry of LIT, the fields in the x and y

directions along the arbitrary axis s in a trap in which aperture is
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ig. 9. (a) Cross-sectional view of the RIT. Comparison of (b) the Ey field, and (c) the E
he slits artificially closed. Solid line: Field obtained using BEM for a trap with slits.
rrors in field for the RIT with (d) 1 mm slit half-width, and (e) 5 mm slit half-width

0% of the trap dimension and the error contours for the trap with
perture dimensions of 10% and 50% of the trap dimension. The
imensions of the trap parameters are given in the table adjacent to
he trap geometry. In our simulations, one pair of electrodes (along
he x-axis) was kept at unit positive potential, and the other pair
f electrodes was grounded. EnoSlit in Eqs. (45) and (46) have been
stimated numerically [8]. These computation yield values of E0
nd E1 as 100.131 and −18.38 V/m, respectively.

In Fig. 8(b) and (c), the fields (Ex and Ey) are plotted along the
rdinate in V/m, with an aperture dimension of 30% of the trap
imension and the off-axial distance from the middle (y0,0) of the
lit in the inner surface of the top electrode, is plotted along the
bscissa in mm for a slit with half-width of 3 mm (corresponding
o 30% of the trap dimension). In these plots, the field compo-
ents obtained numerically are plotted using continuous lines and
hose obtained by our approximation are plotted using dashed
ines. The numerically obtained field components in the same
rap with the apertures artificially closed are plotted using dotted
ines.

There are marginal differences between the analytically esti-

ated fields and numerically obtained fields in both cases. These

ifferences are due to the change in dimension of y0 which occurs
hen the aperture width is increased on the hyperbolic electrodes.

his difference could be nullified by inserting the actual value of y0
n the analytical expressions.
, for a trap with slit half-width of 3 mm. Dotted line: Field obtained using BEM with
d line: Field obtained using our expression. Contour plot of the relative percentage
d contour: 1%, Dashed contour: 2%, Dot-Dash contour: 3%.).

The contour plots for the errors with a slit half-width of 1 and
5 mm are shown in Fig. 8(d) and (e), respectively. In the figures,
the solid, dashed, and dot-dashed contours correspond to relative
percentage error values of 1%, 2%, and 3%, respectively. With a slit
half-width of 1 mm, the contour plots indicate good agreement
between the two computations as error corresponding to 1% occurs
only near to the slits as shown in Fig. 8(d). However, for a slit half-
width of 5 mm in Fig. 8(e), the picture is similar to that of the QIT.
Here however, close to the centre of the trap, the error is greater
than that for the QIT.

5.3.2. The RIT
Fig. 9 presents the geometry of RIT, the x and y directional fields

along the arbitrary axis, s, for slit half-width of 30% of the trap
dimension and the error contours for a trap with slit half-widths
of 10% and 50% of the trap dimensions. In these simulations the
electrode pair with no slit have been kept at unit positive poten-
tial while the electrode pair with slits have been kept at ground
potential.

EnoSlit in Eqs. (45) and (46) have been estimated numerically [8]

which yield values of E0 and E1 as 83.7133 and −32.8307/,V/m,
respectively.

Using Eqs. (45) and (46), we plot the fields Ex and Ey for a slit
half-width of 3 mm in Fig. 9(b) and (c) respectively. The ordinate
shows the field strengths in V/m and the abscissa indicates the
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ff-axial distance in mm. In these plots, the field components
btained numerically are plotted using continuous lines and those
btained by our approximation are plotted using dashed lines.
he numerically obtained field components in the same trap with
he apertures artificially closed are plotted using dotted lines. The
nalytical estimation shows a good match with the numerically
btained fields.

The contour plots as shown in Fig. 9(d) and (e), correspond to
he errors in estimating the field by our analytical approximation
ompared to the numerically obtained field for slit half-widths of 1
nd 5 mm. In the figures, the solid, dashed, and dot-dashed contours
orrespond to relative percentage error values of 1%, 2%, and 3%,
espectively. With a slit half-width of 1 mm, the 1% contour plot
Fig. 9(d)), is seen only close to the slit, indicating that within a large
egion of the trap, our expression predicts the field with reasonable
ccuracy. For the trap having a slit half-width of 5 mm, the accuracy
s less, with the relative percentage error in the region close to the
rap centre being within 3%.

. Concluding remarks

In this paper we have developed an analytical expression for
ff-axis fields, EwithHole for 3D traps and EwithSlit for 2D traps, for ion
rap mass analyzers with apertures on their electrodes. The expres-
ion consists of two terms. Of these, the first (EnoAperture) is the field
n a trap with apertures closed: this is computed numerically using
he BEM. The second (EdueToAperture) is the contribution of the aper-
ure to the field in the vicinity of the aperture. The summation of
noAperture and EdueToAperture gives the expression for off-axis fields.

The expressions for EwithHole for 3D traps and EwithSlit for 2D traps
ave been verified by direct comparison with BEM numerics for
everal geometries and aperture sizes. For 3D traps, the QIT and the
IT geometries have been investigated and for 2D traps, the LIT and
he RIT geometries have been investigated. In all these geometries,
omparison has first been done along an arbitrary axis for a trap
n which the aperture is 30% of the trap dimension. Subsequently,
elative percentage error contours corresponding to 1%, 2%, and 3%
ave been plotted for two aperture dimensions, viz., 10% and 50%
f the trap dimensions.

An inspection of the contour plots for traps with aperture
imension of 10% of the trap dimension indicates that our ana-

ytical expression performs well over a large region of the trap. It
s only close to the apertures that the errors increase, and here too
he agreement is within 3%. For the case of traps with aperture 50%
f the trap dimension, on the other hand, the picture appears to
e more complicated. Not only are the variations in the field not
onotonic, but islands of variable performance of our expression
re observed. We are unable to explain this lack of monotonicity
sing our theory. In spite of this, the overall agreement between
he field obtained using our analytical expressions and the field
btained numerically is seen to be good, even when the aperture is
ar from small.

[

[
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The methodology that we have developed here can be applied
to near-hole fields in traps which have hitherto not been amenable
to analytical treatment. An obvious example of such a trap is
the now famous commercial Paul trap [14] which has asymmetric
holes on the two endcap electrodes and which also has a so-called
stretch. Although we have here studied traps with top-and-bottom
symmetry, the theory developed works even in the absence of
such symmetry. This in turn opens the way for studying fields
in what might be called designer traps with special purpose holes
in arbitrary locations on the electrodes, possibly to meet specific
requirements of future experimental research.
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